We study a continuous-time asset-allocation problem for a firm in the insurance industry that backs up the liabilities raised by the insurance contracts with the underwriting profits and the income resulting from investing in the financial market. Using the martingale approach and convex duality techniques we characterize strategies that maximize expected utility from consumption and final wealth under CRRA preferences. We present numerical results for some distributions of claims/liabilities with policy limits.
Introduction
Insurance is primarily a liability-driven business. Insurance companies have the responsibility to invest premiums efficiently in order to meet contractual obligations of its existing policies as well as increase wealth and maximize shareholders value. Asset-liability management (ALM) has become the fundamental tool to achieve these goals in the insurance business as it considers the various interrelations between asset classes, underwriting lines, and the time structure of investment cash flows and claim payments.
One of the most prominent strategies for insurance ALM is finding the portfolio with the optimal risk-return trade-off that matches the insurer liabilities. Despite bonds and fixed-income securities dominating portfolios of life, non-life and composite insurers, according to the most recent annual report from the OECD Insurance and Private Pensions Committee, both non-life and composite insurers in some countries have increased considerably their portfolio allocation in equity, possibly because of persistent low interest rates over the past years. Non-life insurers in Austria, El Salvador, France, Iceland, South Africa, Sweden and the United States hold more than 25% of their assets in equities. In Iceland, for instance, 17 .2% of the assets of non-life insurers is held in listed equities and 14.9% in unlisted equities.
In this work, we consider a theoretical continuous-time portfolio allocation problem for a firm that invests in the financial market and simultaneously holds a portfolio of insurance liabilities. The firm can select both the investments and the volume of underwriting. Insurance liabilities are treated as a short position within the overall portfolio. The firm's preferences are represented by a risk-averse utility function, and the goal is to find the strategy that maximizes expected utility from inter-temporal consumption and final wealth.
Most existing results in the related literature, except possibly for the work by Zou and Cadenillas [21] , find an optimal portfolio for a given structure of the insurance portfolio. In contrast, our model allows the structure of the volume of the insurance business to change, thus providing a true ALM framework that manages both liability exposure as well as financial risks associated with the investments backing liability cash flows. Unlike the work of Zou and Cadenillas [21] , we consider claims that can be random-valued. The model also aids the diversification effect between the two sides of the balance sheet as it accounts for correlations between assets and liabilities.
Our approach to the utility maximization problem follows closely the martingale and convex duality method started by He and Pearson [9] , Karatzas, Lehoczky and Shreve [15] and Cvitaniv and Karatzas [5] (see also the books by Karatzas and Shreve [16] ) that consists in formulating an associated dual minimization problem and finding conditions for absence of duality gap. This method has been remarkably effective to solve the investment-consumption problem in a jump-diffusion setting (see e.g. Goll and Kallsen [7] , Kallsen [13] , Callegaro and Vargiolu [3] and Michelbrink and Le [18] ) as well as the investment problem for insurers, see for instance the works by Wang, Xia and Zhang [19] that uses the martingale method with CARA and mean-variance preferences and a Levy-type risk process, Zhou [20] that obtains closed-form solutions in a similar model with CARA-type utility, and Liu [17] that also uses the martingale method for both CARA and mean-variance preferences and characterizes the mean-variance frontier. More recently, in Zou and Cadenillas [21] CARA, CRRA and mean-variance preferences are considered and, to the best of our knowledge, volume of underwriting is for the first time considered as a control variable with the martingale method.
In the present paper, we successfully adapt the martingale approach to address the optimal ALM problem with random liabilities. Our main result is a sufficient condition for existence of an optimal strategy in terms of the solution pair of a linear backward jump-diffusion SDE. Although the optimality condition in the main result seems rather restrictive, it simplifies significantly in the case of CRRA preferences.
Let us briefly describe the contents of this paper. In Section 1 we formulate the models for the financial market and risk process, and define the wealth process that results from investing in the financial market to back the insurance liabilities. In section 2 we use the martingale method and convex duality approach to solve the optimization problem and formulate the main result of this paper. In section 3
we focus on the case of an insurance firm with CRRA preferences and obtain semiclosed form solutions in this setting. In section 4 we provide numerical examples for different claim distributions with policy limits. In section 5 we outline some ideas for future research.
Market model, firm's wealth and risk-averse ALM problem
In what follows we assume a financial market model that consists of one money market account with price process B t and d ≥ 1 (non-dividend-paying) risky assets or stocks with price-per-share processes S i t , i = 1, . . . , d. We consider a firm that at time t = 0 allocates an initial endowment x > 0 among these financial assets and starts running an insurance business by selling one-type insurance contracts. Thereafter, at each time t > 0 the firm • receives policyholders premiums at a continuous rate p t > 0
• pays to policyholders when claims occur
• rebalances portfolio holdings by buying or (short-)selling units of assets
• consumes part of the firm's wealth
The firm is therefore subject to insurance risk arising from the written insurance policies. At each time t ≥ 0, we denote with α i t (resp. β t ) the number of units of risky asset S i t (resp. B t ) held by the firm at time t ≥ 0. The value of the holdings in the financial market is
In the insurance portfolio, we assume all insurance contracts follow the same risk or surplus process X t . We denote with L t the number of policies (volume of underwriting) held in the insurance portfolio at time t ≥ 0.
Throughout, we consider a fixed finite investment interval [0, T ]. To each trading strategy (α, β) we associate a (cumulative) gains/losses process defined by
Similarly, the (cumulative) gains/losses in the insurance portfolio is defined by
The strategy (α, β, L) is said to be self-financed if the following budget constraint holds for all
The firm can use the surplus
for consumption or to pay dividends to share-holders. We say that a self-financing strategy (α, β, L) is admissible if V α,β t > 0 for all t ∈ [0, T ] and the cumulative consumption process
is the instantaneous consumption rate. With this definition, the budget constraint can be rewritten in differential form as follows
Assumption A.1. Let (Ω, P, F) be a complete probability space endowed with a filtration F = {F t } t≥0 .
1. The price process S t of the risky asset and the money market account B t follow the generalized Black-Scholes model
is a 2-dimensional Brownian motion and ρ t ∈ [−1, 1]. The sequence (τ n , Y n ) is a marked point process independent of W t with (local) characteristics (λ t , F t ) and supp(F t ) ⊆ [0, ∞), see e.g. Brémaud [2, Chapter VIII].
3. All coefficients r t , µ t , σ t , a t , b t , ρ t , λ t and F t are assumed predictable.
Recall that a real-valued process (φ t ) t≥0 is F−predictable if the random function φ(t, ω) = φ t (ω) is measurable with respect to the σ−algebra P on R + ×Ω generated by adapted left-continuous processes.
Similarly, a map φ : Ω × R + × R + → R is said to be a F-predictable if it is measurable with respect to the product σ-algebra P ⊗ B(R + ).
Remark 2.1. The assumption that (τ n , Y n ) has local characteristics (λ t , F t ) can be interpreted as it is possible to separate the probability that a claim occurs from the conditional distribution of the size of the claim, given that the claim has occurred. Thus, F t (dy) is the conditional distribution of the size of the claim at time t, and λ t dt gives the probability of a claim occurring in the next infinitesimal time step dt.
As it is usually the case with portfolio allocation problems, we will work with the proportion of wealth invested in the risky asset
instead of α t and β t . We refer to π t as portfolio proportion process. For the insurance portfolio, we will consider the process
t− /L t is referred to as the liability ratio by Zou and Cadenillas [21] .
In the remainder, we will use the control variables (π, κ, γ) instead of (α, β, L). As a result, the budget equation transforms into (linear) controlled SDE
Here N (dy, dt) denotes the (random) jump measure of (τ n , Y n ), see e.g. Jacod Finally, we formulate the risk-averse ALM problem. Let U 1 (t, ·), U 2 be utility functions satisfying Inada conditions. The goal is to find an admissible strategy (π, κ, γ) that maximizes the functional
Martingale method and main result
We follow closely the martingale method and convex duality approach to optimal investment-consumption problems in jump-diffusion models from Michelbrink and Le [18] .
Let Θ denote the set of predictable processes ϕ = (ϕ 1 , ϕ 2 ) with values in R 2 and ϕ 2 (t, y) > 0 such that
and the function
is finite for all y > 0, with H ϕ t the solution of the linear SDE
Here N denotes the compensated jump measure
The process H ϕ is a state-price density or deflator for this model. Indeed, using integration-by-parts formula for jump-diffusions we get
Here V c , H c denotes the quadratic covariation process of the continuous parts of H and V. Then
Compensating the integral with respect the jump measure N (dy, dt) and using condition (3.1) we get
It follows that the process H ϕ t V π,κ,γ t + H ϕ t γ t is a non-negative local-martingale. In particular, by Fatou's lemma it is a super-martingale and the folllowing stochastic discount factor inequality holds for all t ≥ 0 and for all ϕ ∈ Θ E H ϕ t V π,κ,γ t
Let now I 1 := (
∂x ) −1 and I 2 := (U ′ 2 ) −1 denote the inverse marginal utilities. Then for all t ≥ 0, x, y > 0 we have
This together with the stochastic discount factor inequality (3.2) yield
It can be proved that the map X ϕ is invertible for all ϕ ∈ Θ, see e.g. Lemma 6.2 in Karatzas and Shreve [16, Ch. 3] . Denote Y ϕ := (X ϕ ) −1 and define
For each ϕ ∈ Θ let (Y ϕ , α ϕ , β ϕ ) be the solution of the linear backward SDE
The solution exists as W andÑ have the weak predictable representation property with respect to the filtration F and the probability measure P, see e.g. Theorems 13.19 and 5.52 in He and Yan [10] or Delong [6] .
We now state our main result Theorem 3.1. Suppose there exist (π,κ) andφ ∈ Θ such that
Then (π,κ,γ) withγ = γ x,φ is optimal.
Proof. Using Itô's formula for jump-diffusion processes with the function f (x) = 1/x and the process Hφ we get
Now, using integration-by-parts formula for jump-diffusion processes, the differential of the process Yφ t /Hφ t is given by
Using conditions (3.3)-(3.5) together with (3.1) and comparing coefficients, we see that the process Yφ t /Hφ t solves the wealth equation (2.1). Since Yφ 0 /Hφ 0 = x, by uniqueness of solutions to linear jump-diffusion SDEs, we must have
, that is, J(π,κ,γ) = L(x;φ) and the desired result follows.
CRRA preferences
In what follows we assume
Assumption A.2. Unless η = 1 (log-utility) all coefficients are non-random.
Proof. Let M ϕ t be the martingale defined as
Notice this process satisfies
Hence, the processes α ϕ and β ϕ are precisely the integrands in the martingale representation of M ϕ t with respect to W t andÑ (dy, dt). Now, for CRRA preferences we have I 1 (t, y) = I 2 (y) = y
and From this Lemma, it follows that conditions (3.3)-(3.5) turn into
We have then the following result for CRRA preferences Corollary 4.2. Suppose there existκ t such that F t (y ≥ 0 : y ≥ 1/κ t ) = 0 for almost every (t, ω) ∈ [0, T ] × Ω and
Then (π,κ,γ) is optimal witĥ
Proof. Conditions (4.2) and (4.3) plugged into (3.1) give condition (4.4), and condition (4.5) follows from (4.1).
Remark 4.3. Notice that optimal portfolio proportion has the form
the optimal portfolio proportion in Merton's optimal investment problem.
Remark 4.4. If η = 1, that is, if U 1 (t, x) = U (x) = ln x then the optimal consumption and wealth are given bŷ
Numerical examples
Assumption A.3. The following maximum loss (policy limit) condition holds
for some c t < ∞, for all t ∈ [0, T ]. For the case of log-utility, c t may be a predictable process with values in [0, ∞).
In what follows, we consider only liability ratios satisfying 1/κ t > c t , that is, κ t ∈ [0, 1/c t ). For simplicity, we drop dependence of t ∈ [0, T ], and define the function
Then, κ is optimal if it is a zero of h. Now, this function is strictly decreasing and tends to −∞ as κ → 1/c. Hence there exists an unique optimalκ whenever
For the following examples, we assume claims in the risk process are truncated random variables of the form Y n = Z n ∧ c so that Assumption A.3 is satisfied.
Example 5.1. First, we consider the Gamma distribution with density
We assume α = 0. Figure 1 contains the plots of h(κ) for some values of risk-aversion power η and correlation coefficient ρ. Table 1 reports optimal values of κ and portfolio and parameters α = 4 and γ = 2. The other parameters of the model are the same as in the previous example. Figure 2 contains the plots of h(κ) for different values of risk-aversion power η and correlation coefficient ρ. Table 2 reports optimal values of κ and portfolio proportion π for different values of η and ρ. 
